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Modied de Broglie-Bohm approah loser to lassial
Hamilton-Jaobi theory
Mon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Department of Physis, St. Thomas College, Kozhenherri 689641,
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Abstrat
A modied de Broglie-Bohm (dBB) approah to quantum mehanis is
presented. In this new deterministi theory, the problem of zero veloity
for bound states does not appear. Also this approah is equivalent to stan-
dard quantum mehanis when averages of dynamial variables are taken, in
exatly the same way as in the original dBB theory.
PACS No(s): 03.65.Bz
2In the de Broglie-Bohm quantum theory of motion (dBB) [1℄, whih pro-
vides a deterministi theory of motion of quantum systems, the following
assumptions are made [2℄:
(A1) An individual physial system omprises a wave propagating in spae
and time, together with a point partile whih moves ontinuously under the
guidane of the wave.
(A2) The wave is mathematially desribed by Ψ(x, t), a solution to the
Shrodinger's wave equation.
(A3) The partile motion is obtained as the solution x(t) to the equation
x˙ =
h¯
2im
(
Ψ⋆ ∂Ψ
∂x
− ∂Ψ⋆
∂x
Ψ
)
Ψ⋆Ψ
, (1)
with the initial ondition x = x(0). An ensemble of possible motions assoi-
ated with the same wave is generated by varying x(0).
(A4) The probability that a partile in the ensemble lies between the
points x and x+ dx at time t is given by Ψ⋆Ψ dx.
In spite of its suess as a deterministi theory, this sheme has the draw-
bak that for many bound state problems of interest, in whih the time-
independent part ψ of the wave funtion is real, the veloity of the partile
turns out to be zero; i.e., the partile is at rest whereas lassially one would
expet it to move [2℄.
To have a better understanding of this problem, let us reall that in the
the lassial Hamilton-Jaobi theory, the trajetory for a partile is obtained
from the equation
∂S
∂t
+H
(
x,
∂S
∂x
)
= 0 (2)
by rst attempting to solve for the Hamilton-Jaobi funtion S = W − Et
and then integrating the equation of motion
p = mx˙ =
∂S
∂x
(3)
with respet to time. However, sine the lassial Hamilton-Jaobi equation
is not adequate to desribe the miro world, one resorts to the Shrodinger
equation ih¯∂Ψ/∂t = −(h¯2/2m)∂2Ψ/∂x2 + VΨ and solves for the wave fun-
tion Ψ. The basi idea of dBB is to put Ψ in the form ReiS/h¯ and then
to identify S as the Hamilton-Jaobi funtion. The partile veloity is then
3given by Eq. (3) above, and this leads to Eq. (1). For wave funtions whose
spae part is real, the Hamilton's harateristi funtion W = constant and
hene the veloity eld is zero everywhere, whih is the problem mentioned
above.
Another deterministi approah to quantum mehanis, whih also laims
the absene of this problem, is the trajetory representation developed by
Floyd [3℄. In one dimension, Floyd uses the generalized Hamilton-Jaobi
equation
(W ′)2
2m
+ V − E = − h¯
2
4m

W ′′′
W ′
− 3
2
(
W ′′
W ′
)2 , (4)
where W ′ (′ denotes ∂
∂x
) is the momentum onjugate to x. Reently Faraggi
and Matone [4℄ have independently generated the same equation (referred
to as the quantum stationary Hamilton-Jaobi equation) from an equiva-
lene priniple free from any axioms. The general solution to this nonlinear
equation is given by [3℄
W ′ = ±(2m)1/2(aφ2 + bθ2 + cφθ)−1, (5)
where (φ, θ) is a set of normalized independent solutions of the assoiated
time-independent Shrodinger equation and (a, b, c) is a set of real oeients
suh that a, b > 0. Floyd argues that the onjugate momentumW ′ is not the
mehanial momentum; instead, mx˙ = m∂E/∂W ′. The equation of motion
in the domain [x, t℄ is rendered by the Jaobi's theorem. For stationarity,
the equation of motion for the trajetory time t, relative to its onstant
oordinate τ , is given as a funtion of x by [3, 4, 5℄
t− τ = ∂W
∂E
, (6)
where the trajetory is a funtion of (a, b, c) and τ speies the epoh. Eah
of these non unique trajetories manifest a mirostate of the Shrodinger
wave funtion, even for bound states. Thus the Bohmian and trajetory rep-
resentations dier signiantly in the use of the equation of motion, though
they are based on equivalent generalized Hamilton-Jaobi equations. The
trajetory representation does not laim equivalene with standard quantum
mehanis in the preditions of all observed phenomena nor does it explain
the onept of probability density inherent in the Copenhagen interpretation.
4In this Brief Report, we present a dierent and modied version of the
dBB that surmounts the problem mentioned in the introdution. In addition,
it is loser to the lassial Hamilton-Jaobi theory than even the onventional
dBB. We apply the sheme to a few simple problems and nd that it is apable
of providing a deeper insight into the quantum phenomena. Also it is shown
that like dBB, the new sheme is equivalent to standard quantum mehanis
when averages of dynamial variables are taken.
To this end, we rst note that in the dBB, the substitution Ψ = ReiS/h¯ in
the Shrodinger equation gives rise to two oupled partial dierential equa-
tions, one of whih ontains an unknown quantum potential term, and this
leads to a situation apparently dierent from the lassial Hamilton-Jaobi
theory for individual partiles. On the other hand, we note that a hange
of variable Ψ ≡ N eiS/h¯ in the Shrodinger equation (where N is a onstant)
gives a quantum-mehanial Hamilton-Jaobi equation [6℄
∂S
∂t
+

 1
2m
(
∂S
∂x
)2
+ V

 = ih¯
2m
∂2S
∂x2
, (7)
whih is loser to its lassial ounterpart and whih also has the orret
lassial limit. This substitution brings the lassial expression (3) for the
onjugate momentum to the form
mx˙ =
h¯
i
1
Ψ
∂Ψ
∂x
. (8)
We therefore attempt to modify the dBB sheme in a manner similar to the
latter approah; i.e., we retain assumptions A1, A2 and A4 whereas in A3,
we identify Ψ ≡ N eiS/h¯ and use the expression (8) as the equation of motion.
To see how the sheme works, let us onsider the example of the ground
state solution Ψ0 of the Shrodinger equation for the harmoni osillator in
one dimension, the spae part of whih is real. We have
Ψ0 = N0e−α2x2/2e−iE0t/h¯. (9)
The veloity eld in the new sheme is given by Eq. (8) as
x˙ = − h¯
im
α2x, (10)
whose solution is
5x = Aeih¯α
2t/m. (11)
This is an equation for a irle of radius |A| = |x(0)| in the omplex plane
[Fig. 1(a)℄. As usual in suh mehanial problems, we take the real part of
this expression,
xr = A cos(h¯α
2t/m) (12)
[where it is hosen that at t = 0, x(0) ≡ A is real℄, as the physial oordinate
of the partile. It shall be noted that this is the same lassial solution for a
harmoni osillator of frequeny ω0 = h¯α
2/m.
We an adopt this proedure to obtain the veloity eld, also for higher
values of the quantum number n. For n = 1, we have
Ψ1 = N1e−α2x2/2 2αx e−iE1t/h¯, (13)
from whih
x˙ =
h¯
im
(
−α2x+ 1
x
)
. (14)
The solution to this equation an be written as
(αx− 1)(αx+ 1) = Ae2ih¯α2t/m (15)
or
x =
1
α
√
1 + Ae2ih¯α2t/m. (16)
Here, the solution is a produt of two irles entered about αx = ±1, whih
is plotted in Fig. 1(b). The physial oordinate of the partile is again given
by the real part of this expression. For n = 2, the solution an similarly be
onstruted as
4αx
(
αx−
√
5/2
)2 (
αx+
√
5/2
)2
= Ae5ih¯α
2t/m. (17)
The trajetory in the omplex plane is plotted in Fig. 1(). Note that in all
these ases, the veloity elds are not zero everywhere.
Now let us apply the proedure to some other stationary states whih
have omplex wave funtions. For a plane wave, we have
6Ψ = Aeikxe−iEt/h¯, (18)
so that x˙ = h¯k/m and this gives
x = x(0) +
h¯k
m
t, (19)
the lassial solution for a free partile.
As another example, onsider a partile with energy E approahing a
potential step with height V0, shown in Fig. 2(a). In region I, we have
ψI = e
ikx +Re−ikx, k =
√
2mE/h¯2 (20)
and in region II,
ψII = Te
iqx, q =
√
2m(E − V0)/h¯2. (21)
The veloity elds in the two regions are given by
x˙I =
h¯k
m
(
eikx − Re−ikx
eikx +Re−ikx
)
(22)
and
x˙II =
h¯q
m
, (23)
respetively. The ontours in the omplex x-plane in region I, for a typial
value of the reetion oeient r ≡ R2 = 1/2, are given by
√
2 cos 2kxIr − e2kxIi − 1
2
e2kxIi = c (24)
[where xIr and xIi are, respetively, the real and imaginary parts of xI ℄, and
are plotted in Fig. 2(b). Note that also this ase is signiantly dierent
from the orresponding dBB solution.
Lastly, we onsider a nonstationary wave funtion, whih is a spreading
wave paket. Here, let the propagation onstant k has a Gaussian spetrum
with a width ∆k ∼ 1/σ about a mean value k¯. The wave funtion is given
by
Ψ(x, t) = N
(
2piσ
σ2 + ih¯t/m
)1/2
exp
[
− (x− iσ
2k¯)2
2(σ2 + ih¯t/m)
− σ
2 + k¯2
2
]
. (25)
7The veloity eld is obtained from (8) as
x˙ = − h¯
im
(
x− iσ2k¯
σ2 + ih¯t/m
)
(26)
Integrating this expression, we get
x(t) = x(0) +
h¯k¯
m
t + i
h¯
m
x(0)
σ2
t. (27)
Separating the real and imaginary parts of this equation (and assuming k¯ is
real), we get,
xr(t) = xr(0) +
h¯k¯
m
t +
h¯
m
xi(0)
σ2
t (28)
and
xi(t) = xi(0) +
h¯
m
xr(0)
σ2
t. (29)
For the partile with x(0) = 0, we obtain xr(t) = (h¯k¯/m)t and xi(t) = 0;
i.e., this partile remains at the enter of the wave paket. Other partiles
assume dierent positions x(t) at time t as given by the above expression,
whih indiates the spread of the wave paket.
A new element in the present approah to quantum mehanis (though
it is quite familiar in elementary mehanial problems) is that the partile
oordinates are having real and imaginary parts. Similar is the ase for the
veloity, given by Eq. (8). If we are interested in the real part of this veloity,
then one an write
x˙r =
h¯
2im
[
Ψ⋆ ∂Ψ
∂x
− (∂Ψ
∂x
)⋆Ψ
]
Ψ⋆Ψ
, (30)
an expression quite analogous to the expression for veloity eld in the dBB
sheme (though not idential with it). One an also write x˙r as
x˙r =
h¯
2im
[
Ψ⋆ ∂Ψ
∂xr
− ( ∂Ψ
∂xr
)⋆Ψ
]
Ψ⋆Ψ
, (31)
where use is made of the fat that for omplex derivatives,
∂Ψ
∂x
= ∂Ψ
∂xr
. This
equation is idential to the dBB veloity eld at all points x = xr.
8Now onsider an ensemble of partiles, whose initial density funtion along
x = xr is given by
P (xr, t = 0) = Ψ
⋆(x = xr, t = 0)Ψ(x = xr, t = 0). (32)
Now let us ask whether P (xr, t) = Ψ
⋆(x = xr, t)Ψ(x = xr, t) be identied as
the density funtion along x = xr at any time t, given the veloity eld (8).
For this to be in the armative, the onservation equation
∂P
∂t
+
∂
∂xr
(P x˙r) = 0 (33)
must hold, with x˙r given by Eq. (30) above. It is easy to see that this is
true, provided V (x = xr) is real. Thus one an retain the assumption (A4),
with Ψ⋆(x = xr, t)Ψ(x = xr, t) as the density funtion at any time t. This
guarantees that the averages of dynamial variables O onstruted using
the real variables xr and t, omputed over the measure P will neessarily
agree with the quantum mehanial expetation values of the orresponding
hermitian operators Oˆ at all future times t; i.e.,
Oˆ =
∫
t=constant
POdxr =
∫
Ψ⋆(x = xr, t)OΨ(x = xr, t)dxr, (34)
in the same way as in dBB. Thus the new sheme is equivalent to standard
quantum mehanis when averages of dynamial variables are taken, just as
in the ase of the original dBB approah.
Generalization of the formalism to more than one dimension is not at-
tempted in this Brief Report. Its appliation to those other physial problems
of interest and a host of other issues, whih need areful analysis, shall be
addressed in future publiations.
Finally, we note that the dBB identiation Ψ = ReiS/h¯ does not help to
utilize all the information ontained in the wave funtion while solving the
equation of motion mx˙ = ∂S/∂x, though it provides a onservation equation
for R2. In the present formulation, we obtain a quantum Hamilton-Jaobi
equation, whih is loser to the lassial one and whih does not have any
exoti quantum potential term. But still we ould get the onservation equa-
tion for probability density, as demonstrated above. The positive results we
obtained for the harmoni osillator and potential step problems themselves
are indiative of the deep insight obtainable in suh problems by the use of
the new sheme. The prie we had to pay for this is the appearane of an
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imaginary part in the position and veloity of the partile, but the tehnique
is onsidered to be quite normal in elementary mehanial problems (and
not yet in quantum mehanial ones). Therefore, it is desirable to further
explore the onsequenes of the new sheme.
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Figure 1: Trajetories in the omplex X-plane for the harmoni osillator
(X ≡ αx). (a) The n = 0 ase, where ontours are plotted for X(0) =1, 2, 3
and 4. (b) The n = 1 ase, where ontours are plotted for X(0) =1.2, 1.35,
1.45 and 1.55. () The n = 2 ase, where ontours are plotted for X(0)=1.8,
1.9, 2.0 and 2.1.
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Figure 2: (a) Potential step, with V = 0 for xr < 0, V = V0 for xr > 0
and energy E > V0. (b) Trajetories in the omplex plane for partiles
approahing the potential step. Contours for c = -4, -3, -2, -1 and 0 are
plotted.
